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Abstract. The article deals with Lipschitz continuous differential inclu-
sions that yield star-shaped reachable sets. The purpose of the paper is
to show that the radial function of such reachable sets is a viscosity so-
lution to a certain partial differential equation. As a result, the existing
theory of viscosity solutions to first-order partial differential equations
was applied to resolve the existence, uniqueness, and some calculation
aspects. Several relaxations concerning the forms of the inclusion and the
initial set were also considered.
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Notations

The following notations will be used throughout this paper:
• Rn is the n−dimensional Euclidean space, R+ = (0,+∞);
• 〈x, y〉 is the inner product of x, y ∈ Rn; ‖x‖ = 〈x, x〉1/2;
• int A is the interior of A ⊆ Rn; ∂A is the boundary of A ⊆ Rn, i.e.,

∂A = A\int A;
• comp Rn is the variety of all compact subsets of Rn;
• conv Rn is the variety of all compact convex subsets of Rn;
• St(Rn) is the variety of all star-shaped compact subsets of Rn, i.e., Z ∈

St(Rn) ⇐⇒ Z ∈ comp Rn and ∀λ ∈ [0, 1] ⇒ λZ ⊆ Z;
• Bn is the unit ball in Rn, i.e., Bn = {x ∈ Rn : ‖x‖ ≤ 1};
• Sn−1 is the unit sphere in Rn, i.e., Sn−1 = ∂Bn;
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• h(X,Y ) is the Hausdorff distance for X,Y ⊆ Rn :
h(X,Y ) = inf {ε ≥ 0 : X ⊆ Y + εBn, Y ⊆ X + εBn};

• ρ(l|X) is the support function of X ⊆ Rn in the direction l ∈ Rn :
ρ(l|X) = sup{〈l, x〉| x ∈ X};

• r(l|X) is the radial function of X ⊆ Rn in the direction l ∈ Rn :
r(l|X) = sup{λ ≥ 0 : λl ∈ X}.

• μ(l|X) is the Minkowski (gauge) function of X ⊆ Rn in the direction
l ∈ Rn :

μ(l|X) = inf{λ ≥ 0 : l ∈ λX}.
• E(q,Q) is an ellipsoid centered at q with matrix Q, i.e., a convex compact

set defined by the support function ρ(l|E(q,Q)) = 〈l, q〉 + 〈l, Ql〉 1
2 .

1. Introduction

Set-valued techniques of nonlinear analysis can be applied to solve a great
variety of significant problems in dynamics and control [1]. These techniques
usually involve calculation of reachable sets of a given differential inclusion.
This article elaborates on the results obtained in [2] for the derivation of star-
shaped reachable sets and demonstrates that the radial function of reachable
sets can be found as a viscosity solution to a partial differential equation
defined spatially on an n-sphere.

Consider the following differential inclusion:

ẋ ∈ F (t, x), x(t0) ∈ X0, t ∈ T = [t0, t1], (1.1)

where X0 ∈ comp Rn and F is a continuous multivalued map T × Rn →
conv Rn. The solutions to the above inclusion are understood in the Caratheo-
dory sense, i.e., x[t] = x(t, t0, x0) satisfies (1.1) for almost every t ∈ [t0, t1] and
x[t0] = x0 ∈ X0. We will also assume that for every point x0 ∈ X0 the solution
x[t] exists in the whole time interval [t0, t1]. Let X(·, t0,X0) be the set of
all the solutions and X[t] be its cross-section at time t. It can be shown [3]
that under the above conditions X[t] = X(t, t0,X0) is a compact-valued map
(X : T × T × comp Rn → comp Rn) that satisfies a semigroup property:

∀τ : t0 ≤ τ ≤ t ≤ t1 ⇒ X(t, τ,X(τ, t0,X0)) = X(t, t0,X0).

Throughout this paper we will use radial functions to describe the evo-
lution of the reachable sets of (1.1):

r(l, t) := r(l|X(t, t0,X0)).

Consequently, on top of the requirements mentioned above we will assume that
(1.1) enjoys Property 1:

Property 1. For differential inclusion (1.1), the following holds.
• The map F satisfies the Lipschitz condition with the constant L > 0 :

∀x, y ∈ Rn ⇒ h(F (t, x), F (t, y)) ≤ L‖x − y‖.

• The reachable sets are star-shaped, i.e., ∀t ∈ T ⇒ X[t] ∈ St(Rn);
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• The reachable sets include the origin with its small vicinity: ∃ε > 0 : ∀t ∈
T ⇒ εBn ⊆ X[t].

The first item is necessary for the uniqueness of the solution in terms of
X[t]. In other words, if F satisfies the Lipschitz condition, the reachable set is
the only continuous compact-valued solution to the following equation [4]:

lim
σ→+0

σ−1h

⎛
⎝X[t + σ],

⋃
x∈X[t]

{x + σF (t, x)}
⎞
⎠ = 0, t ∈ T, X[t0] = X0.

Moreover, it is continuously dependent on X0. Obviously, if there is an open
subset Ω ⊆ Rn such that X[t] ∈ Ω for any t ∈ T, the requirement of Lipschitz
continuity of F can be narrowed down to Ω instead of Rn. The second item will
allow us to derive reachable sets based on their radial functions (see below).
If it does not hold, the radial function will only describe the evolution of star-
shaped hulls of the sets in question [2]. The third item is necessary because
radial functions are in general poorly defined at zero. We will suggest possible
relaxations of these conditions in some specific cases in Sect. 4.

One means of checking whether a given system has Property 1 is by
testing the following conditions:

Property 2. For differential inclusion (1.1) the following holds.
• The map F satisfies the Lipschitz condition with the constant L > 0 :

∀x, y ∈ Rn ⇒ h(F (t, x), F (t, y)) ≤ L‖x − y‖.

• For every t ∈ T the graph graphtF = {(x, y) ∈ R2n : y ∈ F (t, x)} ∈
St(R2n). In other words, for any t ∈ T, λ ∈ [0, 1] the set λF (t, x) ⊆
F (t, λx).

• The initial set X0 ∈ St(Rn), and it contains the origin with its small
vicinity: ∃ε0 > 0 : ∀t ∈ T ⇒ ε0B

n ⊆ X0;

It is easy to demonstrate that Property 1 follows from Property 2. In-
deed, for any x̄ = x(t, t0, x0) ∈ X[t] and λ ∈ [0, 1] it immediately follows
that λx(t, t0, x0) is a solution. Moreover, {0} ∈ F (t, 0), consequently, due
to Lipschitz continuity of F the distance from the origin to F (t, x) is no
greater than L‖x‖. This means that for each small x there exists a contin-
uous y(t, x) ∈ F (t, x) such that ‖y(t, x)‖ ≤ L‖x‖ (e.g., y(t, x) can be taken as
the point of F (t, x) closest to the origin). Hence, for the solution to ẋ = y(t, x)
with the initial condition x(t0) ∈ ε0B

n we will have

d‖x‖
dt

≥ −L‖x‖ ⇒ ‖x(t)‖ ≥ ‖x0‖e−L(t−t0).

And for each point of the boundary of the reachable set of that new system
there will always be a trajectory xb[t] that stays on the boundary at any time
[t0, t]. But for such a trajectory we have ‖xb(t)‖ ≥ ε0e

−L(t−t0), which will
ensure that for ε = ε0e

−L(t1−t0) and ∀t ∈ T ⇒ εBn ⊆ X[t].
Nevertheless, Property 1 is more general than Property 2, which is why

we will make an attempt to formulate all the results in this paper as generally
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as possible, while assuming Property 2 only in corollaries. Indeed, consider the
following somewhat trivial example.

Example 1. {
ẋ1 = min{x2

1, 4},
ẋ2 = 0.

X0 = B2, T = [0; 0.5].

The solution to this system on T can be calculated by a direct integration:

X[t] =
⋃

x2∈[−1;1]

{[
−

√
1 − x2

2

t
√

1 − x2
2 + 1

,

√
1 − x2

2

1 − t
√

1 − x2
2

]
× {x2}

}
.

It is easy to check that X[t] is star-shaped (even convex) and contains the
origin with a small ball of the radius 2/3. Hence, the system enjoys Property 1.
However, for any λ ∈ (0, 1) and x1 ∈ (0, 2) it follows that λ min{x2

1, 4} �=
min{(λx1)2, 4} so Property 2 is not present.

Finally, since we will describe the evolution of reachable sets using their
radial functions, the following properties of the radial functions will be helpful:

Proposition 1. For any Z ∈ St(Rn) it follows that

Z = {l ∈ Rn\{0} : r(l|Z) ≥ 1}
⋃

{0},

{l ∈ Rn\{0} : r(l|Z) = 1} ⊆ ∂Z.

If, moreover, {0} ∈ intZ and r(l|Z) is continuous in l for any non-zero l ∈ Rn,
the last inclusion turns into equality.

Proposition 2. For any compact sets Z1 ⊆ Z2 containing the origin and any
non-zero l ∈ Rn it follows that

r(l|Z1) ≤ r(l|Z2).

If Z1,2 ∈ St(Rn), then the opposite is true, i.e., r(l|Z1) ≤ r(l|Z2) for any
non-zero l ∈ Rn yields Z1 ⊆ Z2.

Proposition 3. For any Zi ∈ St(Rn), i = 1, . . . ,m and any non-zero l ∈ Rn it
follows that

r

⎛
⎝l

∣∣∣∣∣∣
⋃

i=1,...,m

Zi

⎞
⎠ = max

i=1,...,m
r(l|Zi), r

⎛
⎝l

∣∣∣∣∣∣
⋂

i=1,...,m

Zi

⎞
⎠ = min

i=1,...,m
r(l|Zi).

Proposition 4. The radial function is homogenous of degree − 1 in l (we will use
“homogenous” further on without mentioning the degree): for any Z ∈ St(Rn),
λ > 0 and non-zero l it follows that

r(λl|Z) = r

(
l

∣∣∣∣
1
λ

Z

)
=

1
λ

r(l|Z).

Hence, r(l|Z) is differentiable in the direction l for any non-zero l ∈ Rn and
its directional derivative

lim
δ→0

r(l + δl|Z) − r(l|Z)
δ

= −r(l|Z).
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Other properties of the radial function can be found in [2] and for convex
sets see [5].

2. Regular solution

We will first elaborate on the result obtained in [2]. The following result was
derived for Property 2. However, only Property 1 was used in the proof of the
theorem.

Theorem 1 ([2]). Suppose that for (1.1) Property 1 holds. Then for any non-
zero direction l ∈ Rn, for which the radial function of the reachable set r(l, t) =
r(l|X[t]) is continuously differentiable in l, there exits ∂+r(l, t)/∂t that satisfies
the following equation

∂+r

∂t
= ρ

(
−∂r

∂l

∣∣∣∣
1
r
F (t, rl)

)
. (2.1)

Moreover, under Property 1 there exists at most one solution z(l, t) to
(2.1) that is homogeneous in l and continuously differentiable in (l, t) for any
non-zero direction l ∈ Rn. And if Z(t) is the set defined by the radial function
r(l|Z(t)) = z(l, t), i.e.,

Z(t) = {l ∈ Rn\{0} : r(l, t) ≥ 1}
⋃

{0},

then Z(t) is the reachable set for (1.1).

Although this result is a powerful tool for constructing reachable sets,
the required continuous differentiability of the radial function r(l, t) in the
vicinity of the chosen direction l is extremely restrictive. Consider the following
example:

Example 2. Let the differential inclusion be defined as

ẋ ∈ F (t, x) =
⋃

A∈A(t),u∈U(t)

{Ax + Bu} ,

where x ∈ Rn, and A,U are continuous mappings: A(t) ∈ conv Rn2
, {0} ∈

U(t) ∈ conv Rn for every t ∈ T. In this case, it is easy to demonstrate that
Property 2 is satisfied for the appropriate star-shaped initial set X0 and (2.1)
will be as follows:

∂+r

∂t
= ρ

(
−∂r

∂l

∣∣∣∣Al

)
+

1
r
ρ

(
−B′ ∂r

∂l

∣∣∣∣U
)

.

If we further assume that A = {aij ∈ [aij , aij ], i, j = 1 . . . n} and {0} ∈ U =
E(q,Q), we will arrive at the following result:

∂+r

∂t
=

n∑
i,j=1

max
aij∈[aij ,aij ]

(
−aij

∂r

∂li
lj

)
− 1

r

〈
∂r

∂l
, Bq

〉
+

1
r

〈
∂r

∂l
, BQB′ ∂r

∂l

〉 1
2

.

The above equation is a first-order non-linear partial differential equation, and
it is well-known that it might not have regular C1 solutions even for smooth
initial functions. Thus, in most cases, the presence of support function on the



29 Page 6 of 23 S. S. Mazurenko NoDEA

right-hand side of (2.1) results in continuous only solutions even for a given
differentiable initial function.

The above example has motivated us to consider generalized solutions
to (2.1). The common practice is to use viscosity solutions for non-linear first
order partial differential equations, which will be implemented in the next
section.

3. Viscosity solution

In order to address possible irregularity of the solution of (2.1), we will use the
notion of viscosity solutions. In this section, we will first demonstrate that the
radial function of the exact reachable set of inclusion (1.1) is the only viscosity
solution to system (2.1). Then we will show how to adopt the existing theory
of viscosity solutions as regards the existence and uniqueness.

Let us start with the definition of a viscosity solution [6,7].

Definition 1. Consider the following first-order PDE:
∂u
∂t + H(t, x, u,Du) = 0, (x, t) ∈ Rn × (t0, t1]

u(x, t0) = u0(x), x ∈ Rn.
(3.1)

where H : R×Rn×R×Rn → R is continuous and Du := (∂u/∂x1, . . . , ∂u/∂xn).
The continuous function u(x, t) is a viscosity subsolution of (3.1) at a

point (x̄, t̄) if for any function ϕ ∈ C1(Rn × (t0, t1])) such that u − ϕ has a
local maximum at (x̄, t̄) it follows that

∂ϕ

∂t
(x̄, t̄) + H(t̄, x̄, u(x̄, t̄),Dϕ(x̄, t̄)) ≤ 0.

The continuous function u(x, t) is a viscosity supersolution of (3.1) at a
point (x̄, t̄) if for any function ϕ ∈ C1(Rn × (t0, t1]) such that u−ϕ has a local
minimum at (x̄, t̄) it follows that

∂ϕ

∂t
(x̄, t̄) + H(t̄, x̄, u(x̄, t̄),Dϕ(x̄, t̄)) ≥ 0.

The continuous function u(x, t) is a viscosity solution if it is both the
viscosity subsolution and supersolution.

Note that in case of (2.1), the equation is not defined properly when
r = 0. That is why in order to apply the existing theory of viscosity solutions
without having to stipulate the lower boundary for the values of r all the
time, we will explicitly reformulate (2.1) for values of r no greater than ε form
Property 1 as follows:

∂+r
∂t + H(t, x, r,Dr) = 0,

H(t, x, u, p) :=
{− 1

uρ(−p|F (t, ux)), u ≥ ε
− 1

ερ(−p|F (t, εx)), u < ε.

(3.2)

However, this is just a technical reformulation as according to Property 1 the
radial function does not go below ε.
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Theorem 2. Suppose that (1.1) has Property 1. If the radial function of the
reachable set r(l, t) is continuous on Sn−1 × T, it is the viscosity solution to
(3.2) on Sn−1 × T.

Proof. Let us fix an arbitrary point (l, t). Note that in the definition of the
viscosity solution ϕ(l, t) can be assumed equal to r(l, t). Without loss of gen-
erality, we can always assume that ϕ is a radial function of some star-shaped
set Z(t) for some small vicinity of (l, t) :

Z(t) = {k ∈ Rn\{0} : ϕ(k/‖k‖, t) ≥ ‖k‖}
⋃

{0}.

Indeed, it is easy to check that Z(t) ∈ St(Rn). Since in the small vicinity of
(l, t) the function ϕ is positive as ϕ(l, t) = r(l, t) > 0,

r(k|Z(t)) = max
{

1
‖k‖ϕ

(
k

‖k‖ , t

)
, 0
}

and is continuously differentiable.
Now take the initial time τ = t − Δ for small positive Δ such that ϕ is

still positive for some neighbourhood of l. In this vicinity,

r(k|Z(τ)) =
1

‖k‖ϕ

(
k

‖k‖ , τ

)
,

Dr(k|Z(τ)) =
1

‖k‖2 Dϕ

(
k

‖k‖ , τ

)
− 1

‖k‖3
(

ϕ

(
k

‖k‖ , τ

)

+
〈

Dϕ

(
k

‖k‖ , τ

)
,

k

‖k‖
〉)

k.

Consequently,

Dr(l|Z(τ)) = Dϕ (l, τ) − (ϕ(l, τ) + 〈Dϕ (l, τ) , l〉)l.
But taking into account the fact that u − ϕ has an extremum at (l, t) and
there always exists a directional derivative 〈Dr(l, t), l〉 = −r(l, t) due to the
homogeneity, it follows that

〈Dϕ(l, t), l〉 = 〈Dr(l, t), l〉 = −r(l, t) = −ϕ(l, t).

Therefore, Dr(l|Z(τ)) = Dϕ(l, τ)+ot−τ (1)l for any τ ∈ [t−Δ, t] (here ot−τ (1)
is a function of t − τ that goes to zero as t − τ goes to zero). Moreover,
r(l|Z(τ)) is continuously differentiable in the vicinity of l. Hence, according to
Theorem 1, for small values of s the radial function r̂(l, s) := r(l|X(t − Δ +
s, t − Δ, Z(t − Δ)) can be approximated as

r̂(l, s) = r̂(l, 0) + sρ

(
− 1

r̂(l, 0)
∂r̂(l, 0)

∂l

∣∣∣∣F (t, r̂(l, 0)l)
)

+ o(s)

= ϕ(l, t − Δ) + sρ

(
− 1

ϕ(l, t − Δ)
Dϕ(l, t − Δ)

∣∣∣∣F (t, ϕ(l, t − Δ)l)
)

+ o(s).

Consider the definition of viscosity subsolution: for any l̂ ∈ Sn−1 it is
required that ϕ(l̂, t − Δ) ≥ r(l̂, t − Δ) ⇒ X[t − Δ] ⊆ Z(t − Δ). Moreover, due
to the semi-group property of the reachability domains
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X[t] = X(t, t − Δ,X[t − Δ]) ⊆ X(t, t − Δ, Z[t − Δ]).

Hence, r(l, t) ≤ r̂(l,Δ), and combining this inequality with the above formula
for r̂(l, s), we arrive at

ϕ(l, t) = r(l, t) ≤ ϕ(l, t − Δ) + o(Δ)

+Δρ

(
− 1

ϕ(l, t − Δ)
∂ϕ(l, t − Δ)

∂l

∣∣∣∣F (t, ϕ(l, t − Δ)l)
)

.

In other words,

ϕ(l, t) − ϕ(l, t − Δ)
Δ

+ H(l, t − Δ, ϕ(l, t − Δ),Dϕ(l, t − Δ)) + o(1) ≤ 0.

We now let Δ → 0 to obtain the definition of the viscosity subsolution.
Now consider the definition of viscosity supersolution: ϕ(l̂, t−Δ) ≤ r(l̂, t−

Δ) ⇒ Z(t − Δ) ⊆ X[t − Δ]. Moreover, due to the semi-group property of the
reachability domains

X(t, t − Δ, Z[t − Δ]) ⊆ X(t, t − Δ,X[t − Δ]) = X[t].

Hence, r(l, t) ≥ r̂(l,Δ) and

ϕ(l, t) = r(l, t) ≥ ϕ(l, t − Δ) + o(Δ)

+Δρ

(
− 1

ϕ(l, t − Δ)
∂ϕ(l, t − Δ)

∂l

∣∣∣∣F (t, ϕ(l, t − Δ)l)
)

.

In other words,

ϕ(l, t) − ϕ(l, t − Δ)
Δ

+ H(l, t − Δ, ϕ(l, t − Δ),Dϕ(l, t − Δ)) + o(1) ≥ 0.

We now let Δ → 0 to obtain the definition of the viscosity supersolution, which
concludes the proof. �

Remark 1. Due to the formulation of the result on Sn−1×T, we can reformulate
(2.1) in terms of derivatives on a manifold Sn−1 × T and search for viscosity
solutions of the following problem:

∂+r

∂t
= ρ

(
−∂sr

∂l
+ rl

∣∣∣∣
1
r
F (t, rl)

)
. (3.3)

where ∂sr/∂l is the component of the gradient tangent to l, which is the normal
for Sn−1 at the point l.

Remark 2. Suppose that (1.1) enjoys Property 1. Consider the gauge of the
reachable set X[t] : μ(l, t) = 1/r(l, t). Then the continuous gauge μ(l, t) is the
viscosity solution to the following equation

∂+μ

∂t
+ ρ

(
∂sμ

∂l
+ μl

∣∣∣∣μF (t, l/μ)
)

= 0. (3.4)

Indeed, Eq. (3.4) can be derived from (2.1) or (3.3) by multiplying by 1/r2(l, t),
substituting μ(l, t), and multiplying the resulting equation by − 1. Now if
μ − ϕ has a local maximum (minimum) for some test function ϕ at (l, t),
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1/μ − 1/ϕ will have a local minimum (maximum) at that point, and the final
multiplication by −1 will yield the right sign in the following inequality:

∂+ϕ

∂t
+ ρ

(
∂ϕ

∂l

∣∣∣∣μF (t, l/μ)
)

≤ 0(≥ 0).

Before we proceed to the uniqueness and stability of the viscosity solu-
tion, one more observation is required. Although the theory of existence and
uniqueness of viscosity solutions has mostly been developed for open sets in Rn

(see for example [6,8]), the results have already been extended onto Riemann-
ian manifolds [10–12]. Hence, we will only consider properties characteristic of
our case, and for those interested in the proofs of the general statement we
recommend consulting the references given.

Lemma 3. Suppose that for an equation ut + H(t, x, u,Dsu) = 0 the following
is true

1. The function H(t, x, u, p) is continuous on T × Sn−1 × R1 × Rn;
2. For any R > 0 there exists γR such that

H(t, x, u2, p) − Hr(t, x, u1, p) ≥ γR(u2 − u1)

for −R ≤ u1 ≤ u2 ≤ R, t ∈ T, p ∈ Rn;
3. For any R > 0 there is a constant CR > 0 such that

|H(t, x, u, p) − H(t, y, u, p)| ≤ CR(1 + ‖p‖)‖x − y‖
for t ∈ T, |u| < R and x, y ∈ Sn−1, p ∈ Rn.

Then for any two continuous viscosity solutions u(x, t), v(x, t) and R0 :=
max

Sn−1×T
{|u(x, t)|, |v(t, x)|},

max
Sn−1×T

|eγR0 (t−t0)(u(x, t) − v(x, t))| ≤ max
Sn−1

|u(x, t0) − v(x, t0)|. (3.5)

This lemma is a straightforward adaptation of Proposition 1.4. in [8] or
Theorem 1.12 in [6] if one substitutes Sn−1 for Ω assuming that ∂Ω̄ = ∅. Note
that since for any R > 0 the set T × Sn−1 × [−R,R] × RBn is compact, we
require only continuity of H instead of uniform continuity. We do not require
uniform continuity of the solutions for the same reason.

Now in our case, let Hr denote the following function:

Hr(t, x, u, p) := −ρ

(
−p + ul

∣∣∣∣
1
u

F (t, ul)
)

. (3.6)

Notice that if F is a continuous multivalued map T × Rn → conv Rn and
satisfies the Lipschitz condition from Property 1, Hr(t, x, u, p) has the following
properties:

1. Hr is continuous: Hr(t, x, u, p) ∈ C(T × Sn−1 × R+ × Rn);
2. For every (t, x, u) ∈ T × Sn−1 × R+ the function Hr[p] = Hr(t, x, u, p) is

a negative support function, hence, it is Lipschitz in Rn;
3. For every (t, u, p) ∈ T × R+ × Rn the function Hr[x] = Hr(t, x, u, p) is

Lipschitz in Sn−1;
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4. For every (t, x, p) ∈ T × Sn−1 × Rn the function Hr[u] = Hr(t, x, u, p) is
locally Lipschitz in R+.

Indeed, we can extend Hr[u] onto the whole R1 by continuity, i.e., by setting
Hr(t, x, u, p) = Hr(t, x, ε, p) for u ≤ ε as was done in (3.2) in order to apply
the above lemma. The Lipschitz continuity in x over t ∈ T, 0 < u < R and
x, y ∈ Sn−1, p ∈ Rn (point 3 above) is given by the following. First,∣∣∣∣ρ

(
−p + ux2

∣∣∣∣
1
u

F (t, ux2)
)

− ρ

(
−p + ux1

∣∣∣∣
1
u

F (t, ux1)
)∣∣∣∣

≤
∣∣∣∣ρ
(

−p + ux2

∣∣∣∣
1
u

F (t, ux2)
)

− ρ

(
−p + ux1

∣∣∣∣
1
u

F (t, ux2)
)∣∣∣∣

+L‖ − p + ux1‖‖x2 − x1‖.

Note that for any compact convex set Z the support function ρ(l|Z) has di-
rectional derivatives ρ′(l;x) in a direction x

ρ′(l;x|Z) = ρ
(
x
∣∣∣Z

⋂
Hyp(l|Z)

)
,

where Hyp(l|Z) stands for the supporting hyperplane for Z at a point l. There-
fore, if we apply the mean-value theorem for Lipschitz functions [9] we arrive
at the following inequality valid for some α ∈ [0, 1], x̃ = αx2 + (1 − α)x1 :

|Hr[x2] − Hr[x1]| ≤
∣∣∣∣ρ′

(
−p + ux̃;ux2 − ux1

∣∣∣∣
1
u

F (t, ux2)
)∣∣∣∣

+ L‖ − p + ux1‖‖x2 − x1‖
≤ |ρ (x2 − x1 |F (t, ux2) )| + L(‖p‖ + R)‖x2 − x1‖

≤
(

max
l1,∈Sn−1,t∈T

|ρ(l1|F (t, 0))| + L(‖p‖ + 2R)
)

‖x2 − x1‖
≤ CR(1 + ‖p‖)‖x2 − x1‖.

Hence, we can now reformulate the previous lemma for our case.

Lemma 4. Suppose that a continuous multivalued map F : T × Rn → conv Rn

satisfies the Lipschitz condition from Property 1 and there exists positive ε
such that for any R > ε there exists γε,R ∈ R1 such that Hr(t, x, u2, p) −
Hr(t, x, u1, p) ≥ γε,R(u2 − u1) on T × Sn−1 × [ε,R] × RBn. Let u0(l) be con-
tinuous on Sn−1 and u0(l) > ε for all l ∈ Sn−1. Then there exists at most one
continuous viscosity solution u(l, t) of (3.3) for u(·, t0) = u0(·) on the time
interval [t0,min{tε, t1}], where tε is the first time that u(l, t) = ε for some
l ∈ Sn−1.

The above results require the continuity of the solution a priori to con-
clude that it is the only viscosity solution. In [8] the existence of such a con-
tinuous solution was already demonstrated and again can be extended onto
Sn−1 × T in a straightforward way. The main argument goes as follows. The
initial problem (3.1) is replaced with its smooth analogue:

∂u
∂t − εΔu + Hε(t, x, u,Du) = 0, (x, t) ∈ Rn × T

u(x, 0) = uε,0(x), x ∈ Rn,
(3.7)
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where Hε and uε,0 are smooth and approximate H and u0 uniformly in compact
sets. From the classical theory there is a smooth solution uε(l, t). Then the limit
ε → 0 is taken and by the argument presented in [13] (Proposition VI. 1) the
sequence converges to the viscosity solution of the original problem. Hence,
the following lemma holds.

Lemma 5. Suppose that a continuous multivalued map F : T × Rn → conv Rn

satisfies the Lipschitz condition from Property 1 and there exists positive ε and
γε ∈ R1 such that Hr(t, x, u2, p) − Hr(t, x, u1, p) ≥ γε(u2 − u1) on T × Sn−1 ×
[ε,R]×RBn for any R > ε. Let u0(l) be continuous (Lipschitz continuous) on
Sn−1 and u0(l) > ε for all l ∈ Sn−1. Then there exists a unique continuous
(Lipschitz continuous) viscosity solution u(l, t) of (3.3) for u(·, t0) = u0(·) on
the time interval [t0,min{tε, t1}], where tε is the first time that u(l, t) = ε for
some l ∈ Sn−1.

We can summarize the result of this section as follows.

Theorem 6. Suppose that (1.1) has Property 1, the radial function of the initial
set r0(l) is continuous (Lipschitz continuous) on Sn−1, and there exists γ ∈ R1

such that Hr(t, x, u2, p)−Hr(t, x, u1, p) ≥ γ(u2−u1) holds on T×Sn−1×[ε,R]×
RBn for any R > ε (here ε is fixed by Property 1). Then there exists a unique
continuous (Lipschitz continuous) viscosity solution to (3.3) on Sn−1×T, which
is the radial function of the reachable set r(l, t).

If in addition to Property 1 we require Property 2, it is easy to show that
for every R > ε and ε ≤ u1 ≤ u2 ≤ R

1
u2

F (t, u2l) ⊆ 1
u1

F (t, u1l).

Hence,

Hr(t, x, u2, p) − Hr(t, x, u1, p) ≥ −ρ

(
−p + u2x

∣∣∣∣
1
u1

F (t, u1x)
)

+ ρ

(
−p + u1x

∣∣∣∣
1
u1

F (t, u1x)
)

.

Now we again apply the mean-value theorem for Lipschitz functions:

Hr(t, x, u2, p) − Hr(t, x, u1, p)

≥ inf
ũ∈[u1;u2]

{
−ρ′

(
−p + ũx;x

∣∣∣∣
1
u1

F (t, u1x)
)}

(u2 − u1)

≥ −ρ

(
x

∣∣∣∣
1
ε
F (t, εx)

)
(u2 − u1) ≥ γε(u2 − u1), (3.8)

where

γε := min
x∈Sn−1,t∈T

{
−ρ

(
x

∣∣∣∣
1
ε
F (t, εx)

)}
. (3.9)

In the previous theorem, we also demonstrated that if there is a single
continuous viscosity solution, it must be the radial function of the reachable
set. Since under Property 2 it follows that there always exists a positive ε such
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that this viscosity solution r(l, t) ≥ ε (see the discussion after the statement
of Property 2), the following is true.

Corollary 1. Suppose that (1.1) enjoys Property 2 and the radial function of
the initial set r0(l) is continuous (Lipschitz continuous) on Sn−1. Then there
exists a unique continuous (Lipschitz continuous) viscosity solution to (3.3) on
Sn−1 × T, which is the radial function of the reachable set r(l, t).

As far as th numerical calculation of the radial function is concerned,
the viscosity solutions can be calculated according to some basic principles,
for example see [16–18]. The main difference here is that now one has to find
a solution on the n-sphere. The easiest way seems to be solving (3.3) in the
n-spherical coordinates [2] using standard techniques. However, the so-called
“pole problem” precludes a straight-forward reformulation of the result in the
n-spherical coordinates, i.e., for the values of the polar angle of 0 and π the
remaining derivatives are poorly defined. To calculate the examples in the next
section, we used a simple technique of solving the partial differential equation
in two sets of the n-spherical coordinates with two different settings of the
polar angle (overset grids).

It is also worth noting that currently there is a great amount of research
undertaken to approximate of the reachable sets with ellipsoids and offer some
rapid and reliable computational methods [1,19,20]. Although those results
usually impose some additional restriction on the system, such as bilinearity
or some other specific form of the mapping F, they are promising and offer a
serious constructive alternative for the approach discussed in this paper.

In the next section, we will consider some generalizations of the current
result that might prove useful in applications of the method.

4. Generalizations

This section is devoted to a possible treatment of (1.1) when some of the
requirements in Property 1 are not true. We subdivided it into two parts:
the first part deals with the form of the mapping F, whereas the second part
relaxes the requirement on the initial set X0.

4.1. Relaxation of requirements on F

First, consider the Lipschitz continuity of F. If it is known a priori that for any
t ∈ T the boundary of X[t] belongs to an open subset Ω ⊆ Rn, all the results
of the previous sections hold if the Lipschitz continuity of F is true only on Ω.
Indeed, the main idea of the description of evolution of reachable sets using
radial functions relies on the behaviour of the system on the boundary of its
reachable set at any time. Hence, if the reachable set X[t] is known to exist for
all t ∈ T and is star-shaped, the trajectories far away from the boundary do not
affect the behaviour of the boundary. In terms of (3.3), it means that we can
redefine F (and, consequently, Hr) outside Ω and make it Lipschitz continuous
there. For example, if it is known that r(l, t) ∈ [r, r] for any t ∈ T, l ∈ S, the
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Figure 1. The reachable sets for the system (4.1) for u−
1 =

u+
1 = 0, u−

2 = −1.5, u+
2 = 1 (left) and u−

1 = −1, u+
1 = 0.5,

u−
2 = −1, u+

2 = 1.5 (right)

function Hr(t, x, u, p) can be assumed equal to Hr(t, x, r, p) for r ≤ r and to
Hr(t, x, r, p) for r ≥ r.

Proposition 5. The results of the Theorems 1–3 will hold if the requirement of
Lipschitz continuity of F (t, x) on Rn is replaced with the Lipschitz continuity
of F (t, x) on some Ω ⊆ Rn that contains the following set:

{g(l)l : l ∈ Sn−1, g(l) ∈ [g(l), g(l)]}
for some continuous functions g(l), g(l) such that

0 < g(l) < min
t∈T

r(l, t), g(l) > max
t∈T

r(l, t).

Example 3. Consider the following system:{
ẋ1 = u1

√|x1| + |x2|,
ẋ2 = u2x1.

, X0 = B2, T = [0, 1],

u−
1 ≤ u1 ≤ u+

1 , u−
2 ≤ u2 ≤ u+

2 . (4.1)

It is easy to check that F (x) is not Lipschitz continuous at the origin. However,
if 0 ∈ [u−

1 , u+
1 ], for any λ ∈ [0, 1] it immediately follows λF (x) ⊆ F (λx) and

B2 ⊆ X[t] for any t ∈ T (it is enough to substitute u1,2 ≡ 0 to demonstrate
the latter). Consequently, the reachable set X[t] ∈ St(Rn), and its boundary
lies outside 1/2B2 for t ∈ T , where F is Lipschitz. Thus, the radial function of
the reachable set r(l, t) can be derived through solving (3.3) in viscosity sense
if for (3.3) we redefine Hr(t, x, u, p) = Hr(t, x, 1/2, p) for u ≤ 1/2, where Hr is
defined by (3.6). An example of the reachable sets for this system is depicted
in Fig. 1.

Our next relaxation will concern the case when λF (x) � F (λx). In gen-
eral, the dynamics of this system will fail to enjoy Property 1. Nonetheless,
sometimes the situation can be improved by addition of one more coordinate
x0. We will adopt the method used in [19] to the general form of the inclusion.
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Lemma 7. Let X0 ∈ St(Rn). Then for any non-zero l̄ = (l0, l) ∈ Rn+1 it
follows that

r
(
l̄|[−1, 1] × X0

)
=

⎧⎪⎨
⎪⎩

r(l|X0), l0 = 0,

min
{

1
|l0| , r(l|X0)

}
, l0 �= 0, l �= 0,

1
|l0| , l = 0,

(4.2)

The result of this lemma can be obtained from the definition of the radial
function.

Proposition 6. Suppose that X0 ∈ St(Rn) and {0} ∈ int X0. Suppose also
that for any (t, x) there exists the limit lim

x0→0
x0F (t, x/x0) = F0(t, x), and for

x̄ = (x0, x) ∈ Rn+1 the following multi-valued map G : Rn+1 × T → conv Rn

G(t, x̄) =
{

x0F (t, x/x0), x0 �= 0,
F0(t, x), x0 = 0,

is continuous in (t, x̄) and Lipschitz in x̄ with a constant independent of t.
Then the following system

ẋ0 = 0, ẋ ∈ G(t, x̄), x̄(t0) ∈ X̄0, t ∈ T = [t0, t1] (4.3)

enjoys Property 2 for X̄0 = [−1, 1] × X0, and the reachable set of the original
system (1.1) can be derived as

X[t] = {l ∈ Rn : r((1, l), t) = 1} ,

where r(l̄, t) = r((l0, l), t) is homogenous in l̄ and, thus, defined by its values
on Sn × T, where it is the only continuous viscosity solution to

∂+r

∂t
= ρ

(
−∂sr

∂l̄
+ rl̄

∣∣∣∣{0} × 1
r
G(t, rl̄)

)
.

and r(l̄, t0) is given by (4.2).

This result is a direct consequence of applying Theorem 3 and the previ-
ous lemma to the system (4.3).

Example 4. Consider a bilinear system

ẋ ∈ A(t)x + B(t)U(t), x(0) ∈ X0, (4.4)

where A : T → conv Rn and U : T → conv Rk are continuous maps, B(t) ∈
Rn×k and is continuous, and X0 ∈ St(Rn), {0} ∈ int X0. In this case, Prop-
erty 2 is true only if U(t) ∈ St(Rk). Otherwise, e.g., if U is non-zero single-
valued, X[t] in general might not even include the origin. However, according
to the previous proposition, adding one more variable x0 will introduce Prop-
erty 2:

˙̄x ∈ Ā(t)x̄, Ā =
⋃

A∈A, u∈U

{(
0 . . . 0 0

A Bu

)}
.
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Figure 2. The reachable sets for extended system (4.6) and
the respective contours at x0 = 1 being the reachable sets of
system (4.5)

And X[t] = {l ∈ Rn : r((1, l), t) = 1} , where r(l̄, t) = r((l0, l), t) is defined by
its values on Sn × T, where it is the only continuous viscosity solution to

∂+r

∂t
= ρ

(
−∂sr

∂l̄
+ rl̄

∣∣∣∣ Ā(t)l̄
)

.

In Fig. 2, the following system was considered:
{

ẋ1 = x2 + u1,
ẋ2 = u2x1,

(x1(0), x2(0)) ∈ 0.3B2, t ∈ [0; 1]. (4.5)

where u1 ∈ [0.3; 0.4], u2 ∈ [−1.5; 1.5]. Here the origin ceases to belong to the
reachable set at some point since u1 is always positive (Fig. 2). Nevertheless,
the extended system enjoys Property 2:

⎧⎨
⎩

ẋ0 = 0,
ẋ1 = x2 + u1x0,
ẋ2 = u2x1,

(x0(0), x1(0), x2(0)) ∈ [−1; 1] × 0.3B2, t ∈ [0; 1]. (4.6)
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4.2. Relaxation of requirements on X0

This subsection concerns relaxation of conditions required for the initial set X0,
namely continuity of r(l, t0) and the origin belonging to the set with its small
vicinity. In the previous section, we showed the continuity of the radial function
on the initial conditions in a strong sense [e.g., see inequality (3.5) with γ
defined by (3.9)]. However, that result required two major assumptions: the
continuity of the initial radial function r(l, t0) and the existence of a positive
ε such that r(l, t) ≥ ε for all l ∈ Sn−1 and t ∈ T. In what follows, we will relax
these two requirements by abandoning the strong sense of the limit.

Lemma 8. If Z ∈ St(Rn), the radial function r(l; ε) = r(l|Z + εBn) is con-
tinuous in l ∈ Sn−1 for every ε > 0 and is nondecreasing and continuous in
ε ≥ 0 for every l ∈ Sn−1.

Proof. The monotonicity of r(l; ε) in ε is straightforward if Proposition 3.8 is
taken into account. Let us first show that r(l; ε) is continuous in ε for any
given l ∈ Sn−1.

By Proposition 1 and definition of the r(l; ε) it follows that for any εm → ε
there exist zm ∈ Z, em ∈ Bn such that r(l; εm)l = zm + εmem. Since r(l; εm)
is bounded and Z is compact, for any limit point r̄(l) of r(l; εm) there exists
z̄ ∈ Z and ē ∈ Bn such that

r̄(l)l = z̄ + εē ∈ Z + εB ⇒ r̄(l) ≤ r(l; ε).

On the other hand, there exists z̃ ∈ Z and ẽ ∈ Bn : r(l; ε)l = z̃ + εẽ. If εm < ε
then

εm

ε
r(l; ε)l =

εm

ε
z̃ + εmẽ ∈ Z + εmBn ⇒ r

(εm

ε
r(l; ε)l; εm

)
≥ 1 ⇒

⇒ r(l; εm) ≥ εm

ε
r(l; ε).

If εm ≥ ε then

Z + εmBn = Z + εBn + (εm − ε)Bn ⇒ r(l; εm) ≥ r(l; ε) + (εm − ε).

If we now let m → +∞ in both the above cases we will arrive at r̄(l) ≥ r(l; ε).
Thus, there is only one limit point and it is equal to r(l; ε).

We will now show that r(l; ε) is continuous in l ∈ Sn−1 for any given
ε > 0. We will fix ε > 0 and omit it in what follows for simplicity. Suppose
r(l) = r(l; ε) is not continuous, i.e., there exist lm → l0 ∈ Sn−1 such that
r(lm) → r1 �= r(l0). Notice that due to the compactness of Z the limit vector
of r(ln)ln belongs to Z and is collinear to l0, consequently, r2 = r(l0) > r1 ≥ ε.
Any vector r(lm)lm can be represented as r(lm)lm = zm + εem for some zm ∈
Z, em ∈ Bn. Since both Z and Bn are compact, without loss of generality we
can assume that for a sufficiently large N : ‖zN − z0‖ ≤ δ, ‖eN − e0‖ ≤ δ,
where

δ =
ε

1 + ε + ‖zN + εeN‖ > 0

for some limit vectors z0 ∈ Z, e0 ∈ Bn. Moreover, z0 + εe0 = r1l0, and

r(zN + εeN ) = 1. (4.7)
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Now since Z ∈ St(Rn) the vector λr2l0 ∈ Z for any λ ∈ [0, 1]. Hence, for
λ = r1/r2

r1l0 + εẽ ∈ Z + εBn

for any ẽ ∈ Bn. Now take ẽ

ẽ =
1
ε
(zN − z0 + ε(eN − e0) + δ(zN + εeN )).

By definition of δ it immediately follows that ‖ẽ‖ ≤ 1. Hence,

r1l0 + εẽ = (1 + δ)(zN + εeN ) ∈ Z + εBn,

and r(zN + εeN ) ≥ 1 + δ, which contradicts (4.7). �

Lemma 9. Suppose Xm,X ∈ St(Rn) for m = 1, 2, . . . , X ⊆ Xm for any m,
and Xm → X in the sense of Hausdorff distance. Then r(l|Xm) → r(l|X) for
any fixed l ∈ Sn−1.

Proof. Indeed, by definition of the Hausdorff distance, on the one hand, Xm ⊆
X + εmBn for some εm → 0. Hence, according to the previous lemma for
any limit point r̄ of r(l|Xm) it follows r̄(l) ≤ r(l|X). On the other hand,
X ⊆ Xm ⇒ r(l|X) ≤ r(l|Xm) ⇒ r(l|X) ≤ r̄(l), which concludes the proof. �

Remark 3. The requirement X ⊆ Xm in general cannot be relaxed. For exam-
ple, in S2 consider r(ϕ|X) = 1 − ϕ/2π, ϕ ∈ [0, 2π), r(ϕ|Xm) = 1 − ϕ/2π for
ϕ ∈ [1/m, 2π) and r(ϕ|Xm) = 0 for ϕ ∈ [0, 1/m). Then Xm → X, Xm ⊆ X,
but 0 = r(0|Xm) �= 1 = r(0|X).

Proposition 7. Suppose that the sequence Xm
0 ∈ St(Rn), m = 1, 2, . . . is such

that the initial set X0 ⊆ Xm
0 , Xm

0 → X0 in the sense of Hausdorff distance
for m → +∞, the radial function r0,m(l) = r(l|Xm

0 ) is continuous in l, and
r0,m(l) > 0 for l ∈ Sn−1 (e.g., one can take r0,m(l) = r(l|X0 + 1/m · Bn)).
Suppose that for any such star-shaped initial set Xm

0 the requirements of The-
orem 6 are satisfied and let rm(l, t) be the respective viscosity solution. Then
the radial function r(l, t) = r(l|X(t, t0,X0)) is the pointwise limit of rm(l, t)
for any l ∈ Sn−1 and t ∈ T.

In particular, if system (1.1) with the initial set Xε
0 enjoys Property 2,

the radial function r(l, t) is a pointwise limit of rm(l, t) for any l ∈ Sn−1 and
t ∈ T.

Proof. Due to the Lipschitz continuity of F required in Theorem 3, the reach-
able set is continuously dependent on X0 [4]. Thus, if Xm[t] is known to be
star-shaped Xm[t] → X in the sense of Hausdorff distance. Consequently, the
weak limit of rm(l, t) is r0(l) ≥ 0 according to the previous Lemma (now the
origin is allowed to belong to the boundary of X0). �

Corollary 2. Suppose that r0,m(l) ≥ r0,k(l) for any k > m (i.e., now the
convergence is monotonous), and in the requirements of Theorem 6 there exists
a constant γ such that γε ≥ γ for any small ε > 0. Then for any t ∈ T

max
Sn−1

(rm(l, t) − r(l, t)) ≤ e−γ(t−t0) max
Sn−1

(r0,m(l) − r0(l)).
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Proof. Consider arbitrary k > m. Then obviously rm(l, t) ≥ rk(l, t) by the
definition of the reachable set and Proposition 2. Let εk = min{r0,k(l)} > 0
over l ∈ Sn−1. According to (3.5)

eγεk
(t−t0)(rm(l, t) − rk(l, t)) ≤ max

Sn−1×T
{eγεk

(t−t0)(rm(l, t) − rk(l, t))}
≤ max

Sn−1
{r0,m(l) − r0,k(l)},

In other words,

rm(l, t) − rk(l, t) ≤ e−γk(t−t0) max
Sn−1

(r0,m(l) − r0,k(l; ε1))

≤ e−γ(t−t0) max
Sn−1

(r0,m(l) − r0(l)).

If we now take k → +∞ and the maximum on Sn−1, we get the statement of
the corollary. �

Example 5. Consider a bilinear system ẋ ∈ A(t)x, where A : T → conv Rn is
a continuous map. Then according to (3.9)

γε ≡ γ = min
x∈Sn−1,t∈T

{−ρ(x|A(t)x)} = − max
A∈A(t),t∈T

{
max

x∈Sn−1
〈x,Ax〉

}

= − max
A∈A(t),t∈T

λmax(A),

where λmax(A) is the maximal eigenvalue of (A + AT )/2.
Thus, even if zero belongs to the boundary of X0 but r0(l) is continuous in

l ∈ Sn−1, one can solve (3.3) with the initial function r0(l; ε) = max{r0(l), ε}
over the time interval T and obtain the following estimate for the viscosity
solution rε(l, t) :

0 ≤ rε(l, t) − r(l, t) ≤ e−γ(t−t0)ε.

If r0(l) is discontinuous in l it also has to be approximated by a continuous
function from above, which will not violate the point-wise limit of r0(l; ε) being
r(l, t). However, in this case, the above estimate of γε might not provide any
reasonable estimate of the convergence rate.

Finally, we will consider the case when X[t] is only compact for any t ∈ T,
but F is Lipschitz continuous and graphtF ∈ St(R2n). By adding one more
dimension and connecting X0 with the small ball at the origin we can make
the initial set star-shaped. Consider the following set:

X̄0 =
⋃

x0∈[0,1]

{(
x0

x0X0

)}
,

which is obviously star-shaped. Unfortunately, the radial function of such a set
will be discontinuous. However, we can apply the above result by considering
the following initial sets:

X̄ε
0 =

⋃
x0∈[−ε,1]

{(
x0

x+
0 X0 + (1 − x+

0 )Bn

)}
, (4.8)
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where x+
0 = max{x0, 0}. In this case, it is easy to show that the following

system will enjoy Property 2:{
ẋ0 = 0,
ẋ ∈ F (t, x), (x0(t0), x(t0)) ∈ X̄ε

0 , t ∈ T,

for any ε > 0. Moreover, the initial radial function will be continuous in l ∈
Sn+1 :

Lemma 10. The radial function of the set X̄ε
0 defined by (4.8) is given by:

r((l0, l)|X̄ε
0) =

⎧⎨
⎩

−ε/l0, l0 ≤ −ε‖l‖,
1/‖l‖, −ε‖l‖ < l0 ≤ 0,
1/(l0 + d(l, l0X0)), l0 > 0,

(4.9)

where d(l, l0X0) is the distance d(l, l0X0) = min{‖l − l0x‖ | x ∈ X0}. Hence,
r(l̄|X̄ε

0) is continuous on Rn+1\{0}, and there exists ε0 > 0 such that r(l̄|X̄ε
0) ≥

ε0 on Sn.

Proof. By definition

r((l0, l)|X̄ε
0) = max{λ ≥ 0 : λl0 = x0, λl ∈ x+

0 X0 + (1 − x+
0 )Bn, x0 ∈ [−ε, 1]}.

If l0 ≤ 0, the problem above is tantamount to finding minimal x0 ∈ [−ε, 0]
such that λl0 = x0, and λ‖l‖ ≤ 1, which immediately gives the first two
necessary equalities. If l0 > 0, we need to find maximal x0 ∈ [0, 1] : x0l/l0 ∈
x0X0+(1−x0)Bn. The solution x0 = 1 is possible only if l/l0 ∈ X0. Otherwise,
we need to find maximal x0 ∈ (0, 1) :

x0

1 − x0

(
l

l0
− x

)
∈ Bn ⇒ x0

1 − x0
≤ 1∥∥∥ l

l0
− x

∥∥∥
for some x ∈ X0. The first fraction is increasing in x0, so the optimal x must
be the point closest to l/l0, and

x0

1 − x0
=

1

d
(

l
l0

,X0

) ,

which together with the equation λ = x0/l0 result in the third equality to be
proven. �

Proposition 8. Suppose that for (1.1) enjoys Property 2 except for the require-
ment on X0, i.e., now the only requirement on X0 is X0 ∈ compRn. Then the
reachable set X[t] can be found as

X[t] = {l ∈ Rn : rε((1, l), t) = 1} ,

where rε(l̄, t) = rε((l0, l), t) is the radial function uniquely defined by homo-
geneity on Sn−1 × T, where it is the solution to

∂+rε

∂t
(l̄, t) = ρ

(
−∂rε

∂l
(l̄, t)

∣∣∣∣
1

rε(l̄, t)
F (t, rε(l̄, t)l)

)
, rε(l̄, t0) = r(l̄|X̄ε

0),

and r(l̄|X̄ε
0) is given by (4.9).
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Figure 3. The reachable sets for extended system based on
(4.9) for the original system (4.10); the respective contours at
x0 = 1 being the reachable sets of system (4.10)

Example 6. Consider the following system:
{

ẋ1 = u1

√
1 + |x2|,

ẋ2 = u2x1.
, T = [0; 1],

X0 = {(r cos φ; r sinφ)| r ∈ [0.5; 1], φ ∈ [0; 2π)},

u1 ∈ [−0.5; 1], u2 ∈ [−1; 0.5]. (4.10)

The initial set here is not star-shaped. Nevertheless, by adding one more vari-
able according to the previous preposition one can calculate the reachable sets
as contours at x0 = 1 (Fig. 3).

It is worth noticing, however, that in general cases where one cannot
expect the star-shaped reachable sets, the existing theory already provides
quite a wide range of approaches, e.g., finding reachable sets as level sets
of a viscosity solution to a Hamilton–Jacobi–Bellman equation on Rn (see,
for example, [1,15] for the overview of the theory). Moreover, the existing
numerical methods allow reducing this problem to calculation of the solution
only in the vicinity of the boundary of the reachable set (e.g., see [21] for
a comprehensive review of level set methods). Hence, the major advantage
of the method proposed in this paper is the reduction in the dimensionality
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of the partial differential equation by one based on the homogeneity of the
radial function. Additions of one more variable suggested in this section remove
this advantage and should be avoided, e.g., by deriving Property 1 directly
whenever possible (and not through Property 2 of the extended system).

Nonetheless, one might still find the suggested method useful even in gen-
eral cases. For example, solving (3.3) may be implemented on a fixed bounded
grid. Therefore, it does not require any recalculation of the relevant points at
each step in time, as is usually the case in level set methods. In addition to
that, the fixed “boundedness” of the domain where the solution to (3.3) is to
be calculated allows a flexible change of coordinates: any differentiable mani-
fold apart from Sn will do. As a result, a proper choice of coordinates might
simplify numerical integration in each particular case.

4.3. Viability

We will now briefly touch upon a viability problem in viscosity sense. Suppose
now we aim to find only those solutions x[t] to (1.1) that belong to a given
set Y (t) ∈ convRn for any given time τ ∈ [t0, t]. For instance, Y may denote
observations available from the data or some physical constraints on the states
of the system. If we require that the radial function rY (l, t) = r(l|Y (t)) > 0
and its time derivative ∂rY (l, t)/∂t are continuous in l ∈ Sn−1, the differential
radial function of the reachable sets r(l, t) satisfies the following equation [2]:

∂+r

∂t
=
{

ρ
(−∂r

∂l

∣∣ 1
r F (t, rl)

)
, if r(l, t) < rY (l, t),

min
{
ρ
(−∂r

∂l

∣∣ 1
r F (t, rl)

)
, ∂rY

∂t

}
, if r(l, t) = rY (l, t).

(4.11)

This result is quite intuitive: if for the given direction l the radial function
r(l, t) < rY (l, t), the vicinity of of the boundary of the reachable set at r(l, t)l
is strictly inside Y (t). Hence, no additional change to the dynamics of r(l, t)
is required. However, once r(l, t) = rY (l, t), i.e., the reachable set touches the
boundary of Y in the direction l, the rate of change ∂+r/∂t has to be limited
from above by ∂rY /∂t. Otherwise the reachable set X[t] would break into the
exterior of Y along l.

Unfortunately, as far as a continuous r(l, t) is concerned, it cease to be the
viscosity solution to (4.11) in the common sense. Although it can be shown that
r(l, t) is a viscosity supersolution in some general sense (notice that the right-
hand side of (4.11) is no longer continuous), it is not a viscosity subsolution.
A simple test function ϕ(l, t) = r(l|X̃[t]) where X̃[t] is the reachable set of the
same system but with no viability constraint will do the trick for those l at
which r(l, t) = rY (l, t).

However, given that the definition of the viscosity solution assumes some
local property, the following algorithm can be suggested. For each direction l
the first time t∗ : r(l, t∗) = rY (l, t∗) is determined. The radial function will
evidently be a viscosity solution in all the points (l, τ) for τ ∈ [t0, t∗]. Then
r(l, t) is exactly equal to rY (l, t) up to maybe some time t∗∗ and there is no
need to define the solution for (l, τ), τ ∈ [t∗, t∗∗]. Then the initial condition
is moved from t0 to t∗∗ and for small values of t > t∗∗ again r(l, t) < rY (l, t)
for some vicinity of l due to the continuity, so the algorithm can be repeated



29 Page 22 of 23 S. S. Mazurenko NoDEA

for the new time interval. Since on each such interval all the results of the
previous sections are valid, the solution constructed will be the radial function
of the desired reachable sets.

5. Conclusion

To sum up, we have demonstrated that the radial function of star-shaped
reachable sets is the only continuous viscosity solution to a partial differential
equation defined spatially on an n-sphere. This solution can be found compu-
tationally using the diverse range of the existing methods of finding viscosity
solutions to Hamilton–Jacobi–Bellman equations with several modifications
related to manifold theory. We have also shown how the problem of construct-
ing reachable sets can be treated with the same approach in more general
cases when either the differential inclusion or the initial set fails to preserve
the star-shaped property.
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